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A  cOfiPLix:  FP.0fin::^iu3  theor?_;m 

Louis  i^'ircnb^rs 

1.     It  was  recently  shown  by  Newlander  and  Kironberg  [31  that 
a  sufficiently  different! able  almost  complex  manifold  satisfying 
tho  so-called  complete  integrability  conditions  is  in  fact  a 
complex  analytic  manifold.   This  result  can  be  formulated  as  a 
special  "complex  Frobenius  Theorem";  in  fact  if  tho  almost  com- 
plex structure  is  I'cal  analytic  the  result  follows  easily  from 
the  theorem  of  Frobenius. 

^■'e  recall  briefly  this  form.ulation  -  an  aloost  complex 
manifold  is  a  2n  dimensional  real  manifold  on  which  theie  is 
given  a  real  tensor  field  ht*"  satisfyine-  ht''h'  =  -6^;  here  summa- 
tlon  convention  is  employed.   The  problem  of  reducing  this  to  a 
com.plex  analvtic  structure  is  that  of  finding  new  local  coordi-' 
nates  x  =  (x  , . . . ,x^    }    so  that  operating  with  the  tensor  h^  is 
equivalent  to  trans I'orming  the  form  dx   +  idx   "  into 
i(dx   +  idx    ),  a  =  l,...,n,  i.e.  so  that  in  the  new  coordinate 

system  vje  have  h  ,   =  1,  h    =  -1,  a  =  l,...,n,  with  hr  -  0 
"^  a+n       a  j    »  j       ^ 

otherwise.   The  complete  Integrabill  ty  conditions  ar^e  easily 
seen  to  be  necessary:   ^-'e  may  suppose  that  the  h^  have  the  spe- 
cial values  above  at  some  particular  point,  in  a  neighborhood  of 

which  we  have  coordinates  y  =  (y  ,...,y   ).   Then 

J  a  ,  .,  a+n    /  a  .  .  a+n^,  u,    j  ./j  a  ,  .,  a+n, 
dx   +  idx    =  (x   +  IX    )dy^  and  i(dx   +  idx    ) 

=    (x^  +  ix^"^'^)hjjdy'^,  a  =  l,...,n;  here  x^  =  ^xV^y^.   One  then 

verifies    easily    that    the    linoar   spiice    of   lonas    given   by    linear 

COiriuimr.1  nrr^    oi     tn^    r^v       +    Ictx  .     d    ~    1.  .  . 


coefficients  is  equivalent  to  the  space  of  forms  Xl  spanned  by 
the  forms  ( h^  +  15lJ)dy  ,  [i  =  l,...,2n,  of  which  the  first  n  are 
independent.   As  a  consequence  we  have  the  necessary  condition: 
The  exterior  differential  of  any  form  in  XI  may  be  expressed  as 
a  sum  of  exterior  products  of  forms  of  ft    with  first  order  forms. 
This  may  be  expressed  as 

(1)  dil  c  ideal  generated  by  H. 

V'e  observe  also  that  JTl  ^  TT  -    0,  where  TZ   consists  of  the  com- 
plex conjugates  of  the  forfiis  in  IL  .   In  [3]  these  conditions 
were  shown  to  be  sufficient  for  the  equi^ialence  of  the  almost- 
complex  structure  to  a  complex  analytic  structure  -  under  suffi- 
cient differentiability  assum.pt  ions  on  the  h^. 

The  Frobenius  Theorem,  we  recall  (see  for  instance  [2]), 
asserts  that  if  i\   =    D-ly)  is  a  K  dimensional  subspace  of  the 
linear  space  of  real  first  order  differential  forms  at  any 
point  y  =  (y  ,...,y*  )  in  a  nei;rhborhGcd  in  an  N  dimensional  real 
manifold  (varying  sufficiently  sm.ootbly  with  y)  then  a  necessary 
and  sufficient  condition  that  we  may  find  new  local  coordinates 
X  so  that  iXij)    is  spanned  by  dx  ,...,dx'  is  that 

(2)  dSV  C  ideal  generated  by  il. 

Thus  the  result  above  may  be  considered  as  a  "complex  Probenius 
Theorem". 

Here  we  prove  a  general  complex  Frobenius  Theorem  contain- 
ing the  above  as  a  special  case.   The  general  theorem,  is,  how- 
ever, easily  d!?:-r-!\/Md  from,  tnis  special  uase  witn  tiie  aid  of  the 
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real  Frobeniua  Theorem.   Before  formulating  the  theorem  we  state 
a  result  equivalent  to  the  real  Frobenius  thoorom  above: 

I     Theorem  A:   Suppose,  there,  that  for  J  =  l,...,i^, 
dy^  =  linear  corrbination  of  dy'^"^-'",  .  .  .  jdy^"  (mod  XL  )  ,  with  coeffi- 
cients that  are  functions  of  gll  the  y  .   Then  { 2 )  is  necessary 
and  sufficient  that  the  system  of  differential  equations  j'l  =  0 
have  a  unique  solution  y^vy    ,...,y  ),  j  =  1,..,,K,  Viavln'^ 
arbitrary  prescribed  initial  values  y>^(G,...,0)  (see  for 
example  [ 2]  )  . 

Since  our  complex  Frobenius  theorem  is  local  we  shall 
assume  that  we  are  operating  in  a  neighborhood  of  the  origin  of 
N  space  y  =  (y  ,...,y  ).   For  convenience  vie  shall  also  suppose 
that  tlie  coefficients  of  the  forms  occurring  are  of  class  C 
"H  will  denote  the  space  of  forms  which  are  com.plex  conjugates 
of  the  form.s  of  a  space  si. 

Theorem  1:   Le  t  i"L  =  i"l(y)  be  a  a  dimensional  subspace  of 
the  space  of  complex  valued  forms  defined  at  every  point  y  ( and 
varying  in  a  C   way )  in  a  neighborhood  of  the  origin.   Set 
/\  =  Xl  (^  i\    and  assume  that  il '  =  dimension  of  /\  1  s  cons  tant 
and  that  /\  has  a  basis  with  C    coefficients  ( we  note  that 
necessarily  K'  >  2K  -  w)j  set  L  =  K-X'  .   Ijecessary  and  sufficient 
for  the  existence  of  nev;  local  coordinates  x  so  the  t  a""1_  is  oqui- 
valent  to  the  space  spanned  by 


J  a  .  . J  a+L 

dx   +  idx 


dx 


C 


1, 


L;  rr  =  J-K'+l, 


.N 
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0"  >  N-IP  ,  then  the  coordinates  x"^  are  functions  of  the  x   alone, 


--'a  .  .  %a+L     ,   , 
S3  X   +  IX    are  hoio- 


(3)  dli  c  ideal  pener^ted  by  _Q_ 

{l^)  d/\  c:    ideal  rener-^ted  by  /\    , 

V'e  observe  that  if  x  is  another  coordinate  systeni  with  _\ 
equivalent  to  the  space  spanned  by  dx  +  id>:    ,  dx'^,  a  <  L, 

0",r  >  i^-K',  and  for  a  <  L  the  cocrdinat 

morphic  functions  of  the  x   +  ix    ,  b  =  1,...,L,  and  depend  in 

addition  only  on  the  variables  x^,  0"  >  i.'-K'. 

The  necessity  of  (3),  ik)    is  irmned lately  verified.  V.e 
shall  describe  only  the  proof  of  sufficiency. 

If  IL  =  /\,  so  that  L  =  0  and  any  form  iii  St   equals  a  real 
forTi  in  il    plus  i  times  another,  v;e  see  that  the  theorem  is  sim- 
ply the  real  Frcbenius  theorem.   If  N  is  even,  K  =  N/2  and 
K '  =  0  the  theor'em  is  siraply  the  result  described  earlier  and 
proved  in  [ 3 ] • 

It  is  easiDy  seen  that  Thecrern  1  may  be  restated  as  a 
result  concerning  first  order  differential  ope  rators  with  com- 
plex coefficients:   V^  a'^   ^  . . 

3yJ 

Theorem  1'  :   Let  3  be  a  (ii-K)  dimensional  lineai-  space  of 
first  order  differential  operators  (spaaned  by  { i^i  -M )  such  opera- 
tora  with  C    coefficients)  in  a    neij^hborhood  of  tlie  origin  in 
N  space .   Let  S  denote  tlie  space  of  operators  obtained  by  repla- 
cing the  coefficients  in  the  operators  of  S  by  their  Comdex 
c o n j u rates,  a nd  let  S  denote  the  space  cf  ope rs tors  spanned  by 


Aosurae  ona  o  Liie  aimension  oi'  b 


constant,  and  that  S  can  be  spanned  _by  o-nerators  v;ith  C 


i\l-r'.  +  L  is_ 
oc 
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coefficients  .   Then  necessary  and  sii:f  f Ic lent  for  the  existence 
of  new  local  coordinatea  x  so  that  S  Is  equivalent  to  the  space 
of  operators  spanned  by 

Ti  +  ^  --fn  '  -^   '      a=l,...,L;   dr=  L+K-H,...,N 
<^x      9x       dx 

are  tha  conditions: 

C 3 '  )     the  coTjiutator  of  any  two  operators  la  3  belongs  to  S , 

(L|.')     the  cominutator  of  an?  tvjo  operators  in  5  belongs  to  3. 

♦ 
A  special  case  of  this,  for  N-K  =  L  =  1,  was  announced  in 

[3],  p.  393. 

Before  proving  Theorem  1  a  few  remarks  about  the  case  N 
even,  K  =  N/2,  K'  =  0,  treated  in  [3],  where,  the  now  coordi- 
nates X  vjere  obtained  by  solving  a  system  of  integral  equations 
in  a  neighborhood  U  of  the  origin:   (a)  If  a  given  system  of 
basis  elements  of  JTL  depends  dlfferentiably  (say  C   )  on  some 
param.eters  then  the  new  coordinates  x  so  constructed  are  also 
continuously  dlf ferentiable  in  these  parameters  (also  C°^ )  pro- 
vided U  is  chosen  sufficiently  sr'sll  (this  was  stated  at  the  end 
of  [3]).   Indeed  it  is  not  difficult  to  show  that  the  first  deri- 
vatives of  X  with  respect  to  the  parameters  will  be  as  small  as 
desired  provided  U  is  sufficiently  small. 

(b)  The  new  cooidlnates  x  constructed  in  [3]  have  the  pro- 
oertv:   If.  on  a  noi'^bborh'^od   °  basis  for  XL  can  be  chcson  sc 
that  a  finite  number  of  forms  dy-^    +  idy''^'"'  are  basis  ele'nwnLs, 
then  for  these  values  of  j  we  have  x'-*  =  y'",  x"^  ^  =  y^ 


^^MMMliitiMftAfdK^ 
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In  @2  vje  prove  Theorera  1,  and  in  §3  we  prove  an  analogue 
of  Theorem  A . 


2.   Proof  of  Theorem  1. 

2'.1.   V^e  consider  first  the  case  K'  =  0,  i.e.  L  =  K,  and  con- 
struct new  coordinates  x  in  a  neighborhood  of  the  orifrin  so  that 
Si   is  the  space  spanned  by 


dx  +  idx 


a+L 


oL     —  A.  f    •   *    *  f  Lj  • 


Ve  use  summation  convention  and  ass^jme  that  the  indices 
a,b  run  fron  1  to  L,  and  ^,p.,v  from  2L+1  to  ii .      By  suitably 
modifying  the  coordinates  y  we  may  suppose  that  il(y)  is  spanned 
by  forms  w  (y)  with  w  (0)  =  dy   +  idy     (mod  dy  ).   In  a  neigh- 
borhood  of  the  origin  we  may  therefore  express  the  dy  ,  dy     as 


\ 


.b    b 


linear  combinations  of  the  forms  dy  ,  '•<-'"  , 

To  construct  the  new  coordinates  we  shall  (following  [3]) 

consider  the  y  coordinates  as  functions  of  the  x  coordinates, 

with 

X     X 

y  E  X 

'•'e  construct  the  functions  y  (x),  y    (x)  in  two  steps: 
(i)  Define  them  on  the  2L  dimensional  submanifold  M:  x   =0  for 
all  X  >  2L .   (ii)  Extend  the  functions  so  defined  to  a  full 
neighborhood  of  x  =  0.    "    ' 


a 


To  carry  out  step  (1)  consider  the  fcr~3  uu     on 


X  X 

^     ^  y 


~   C;    there,    near   the    oriRin_.    the    furtns   i. 


i  '-*■    7 


linearly  independent.   Ey  (3)  we  have  the  situation  of  iZ],    i.e. 
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n  almost  complex  structure,  and  v.e   may  therefore  choose  the  y^, 
y^"^   as  functions  of  x^,  x^""^  so  that  II  is  spanned  by  the  forms 
dx  +  idx    on  X  =  0.   V'e  remark  that  the  functions  as  con- 
structed in  [3]  are  such  that  t^^  =  dx^  +  idx^"*"^  at  the  origin. 

To  extend  the  functions  y^,  y^""^  to  a  full  neighborhood  of 
x  =  0  we  now  make  the  requirement  that  for  every  fixed  x^"-,..., 
X   ,  the  functions  y^,  y^^^  satisfy  the  differential  equations 
11  =    0    identically  In  the  x  .   By  a  remark  above  this  system  of        |i 
equations  may  be  written  in  the  form:   dy^,  dy^"*^  are  linear  :] 

combinations  of  the  dx^  =  dy^  with  coefficients  that  are  func-         ;■' 
tions  of  all  the  y^.   Because  of  (3)  and  Theorem  A  on  page  3'  ''" 

there  exists  for  every  fixed  ( x"^,  .  .  .  ,x^^)  a  unique  solution  U 

1      2L  v' 

y  ,...,y   of  this  system  with  given  initial  values  for  x'^  =  0,        ■'■' 

which  we  take  to  be  the  values  determined  in  (i).  >re   have  thus 

defined  a  change  of  coordinates  y{x)  near  x  =  0,  which,  in  a  : 

sufficiently  small  neighborhood  may  be  seen  to  have  any  given  • 

number  of  derivatives  and  to  be  nonsinrular.  ' 

Since  the  forms  of  iX   vanish  whenever  dx  =...=dx^^  =  0 

It  follows  that  they  are  linear  combin'^  ti  ons  of  ax"'",  .  .  .  ,dx^^. 

It  remains  still  to  show  that  they  are  linear  combinations  of 

the  dx^  +  idx^"^^  alone;  by  (i)  this  holds  on  x'^  =  0.   To  verify 

this  in  general  we  choose  a  basis  for  il  of  the  form 

dx^  .  idx^^L^  pa^^^b  _  .^^b.L^   ^     a=  1,...,L 

with    the    p^   =    0   on   x^   =    0.       From    (3)    it    follows   directly,    how- 
ever,   that    ='|3^./3x      =    C.    and    we    ooncluor;    thnt    hhfl    P^   -.raoiov,    ^-^^r,. 
tically.      This   completes    the   proof   of   the    theorem   for  K «    =   0. 


iiiiiTriMi«iTr-f  ^  --■ 
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em-B.ry.3:      (a)  Tho  ren:ark  (a)  at  the  end  of  §1  still  holds 


(b)  The  re-.ark  (b)  at  the  end  of  that  section  also  hold:^ .   F\ir- 
thermore,  we  see  from  our  proof  that  if  the  coordinates  y  are 
such  that  we  have  a  basis  .ju-  (y)  of  il(y)  with 

lo^(O)  =  dy^  +  idy^"*"^  (mod  the  dy^ )  then  we  may  choose  x^  H  y^, 
^  =  2L+1, . . .,N. 

2.2   ''e  prove  the  general  case  of  the  theorem,  K'  /  0,  by  a 
reduction  to  the  special  case  2.1.   It  is  to  be  shown  that  new 
coordinates  x  may  be  found  so  that  XI  is  spanned  by 

If 

(5)    dx^  +  idx^""'-^  ,   dx^,    a  =  1,...,L;  cr  -  N-K' +1,  . .  . ,  iT  . 

Ve  shall  ass-orie  here  that  cr  runs  from  :>i-K'+l  to  N.   Since 
A,    =  7\   -we  may,  in  virtue  of  (I;)  apply  the  real  Frobenius  Theo- 
rem, and  conclude  that  we  have  new  coordinates  u  so  that  A  is 
equivalent  to  the  r.pace  scanned  by  the  du'^.   -e  may  write  fl   as 
a  direct  s^xm  il  =  A  0  T  where  T  is  spanned  by  forms  which  do 
not  involve  the  du^'^.   Clearly 

(6)  r  P.  r  =  0  , 

and,  from  (3),  it  follows  that  if  the  coordinates  u^  are  kept 

fixed  then 

(Y)  dp  C  ideal  generated  by  | 

To  prove  the  general  case  it  suffices  to  find  new  coordi- 
nates x  so  ^hat  the  last  K'  are  unchanged ,  x^  5  u^,  and  so  that 
when  these  coordinates  are  held  fixed  the  space  f  is  spanned  by 


i' 
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the  forms  dx  +  idx    ,  a  =  1,...,L;  for  then  in  general  P,  and 
hence  il,  is  spanned  by  tr,e  forms  (5).   But  if  we  now  regard  the 
X  as  parameters  the  problem  of  making  P  equivalent  to  the  space 
spanned  by  dx   t  idx    is,  because  of  (6),  simply  the  special 
case  of  the  theorem  treated  in  2.1,  with  N  there  replaced  by  i^i-K', 
and  (3)  there  being  expressed  by  (7).   Thus  such  a  chanp-e  of 
coordinates  (u  ,...,u^'^"   )  — >  (x  ,  ...,x^^"^  )  is  possible  for 
every  fixed  (u       ,...,u').   That  this  charige  of  coordinates 
is  sufficiently  dif ferentiable  in  the  x  ,and  that  the  full 
change  of  coordinates  (u  ,...,u  )  — >  (x  ,...,x  )  is  nonsingular 
follows  from  the  remarks  (a)  at  the  end  of  sections  1  and  2.1. 

This  completes  the  proof  of  Theorem  1. 

As  above,  we  note  that  if  the  given  fl   depends  differen- 
tiably  (say  C   )  on  some  parameters  then  our  nevj  coordinates 
have  continuous  derivatives  (also  C   )  in  these  parameters  pro- 
vided we  operate  in  a  sufficiently  small  neighborhood. 

In  case  a  given  basis  for  XI-  depends  analytically  on  some 
parameters  we  may  show,  for  K'  =  0,  the  following. 

Theorem.  2:   Let  l).  -    ri(y)  be  a  space  of  complex  forms  as 
in  Theorem  1,  w i t h  K'  =  0;  assume  that  a  basis  for  J 2.  depends 

analytical  ly  on  a finite  number  of  real  parpm-eters  t  and  holo- 

morphically  on  a  finite  number-  of  complex  parameters  'C,  and  that 
for  each  fixed  t,X   (  in  some  t,t,  neighborhood )  cond i  tion  (3)  is 
satisfied.   1'hen  V;e  may  construct  nev;  coordinates  x  satisfying 
the  conditions  in  Theorem  1  so  that  x*^  +  ix'*^'^  ai'-e  analvtic  in  t 


and  hoTomorphi'c  in  Y.  for  a  =  1.  ....  L  and  the  coordinates  x" 
s  >  2L  ar£  indecendent  of  t  and  t . 


10 

Proof:   Because  of  the  anaDyticity  in  t  we  may  extend  the 
forms  to  be  holomorphic  for  complex  values  of  t  (still  keeping 
K'  =  0);  thus  it  suffices  to  consider  the  case  that  a  basis  for 
Xl  Is  holomorphic  in  some  complex  parameters  t  -    (T  ,  .  .  .  ,t  )• 

V'e  now  extend  the  system,  of  variables  by  considering  the 
total  system  y  =  (y  ,  .  .  .  ,y''^ ,Pe  z"^ ,Be   'C^,  .  .  . ,  Im  t^) ,  and  consider 
an  enlarged  system  X)_  of  forms  spanned  by  11  and  dX  ,  ...,dt  . 
Because  of  (3),  and  the  holomorphic  character  of  S\ ,    the  enlarged 
system  in  y  satisfies 

di'lC    ideal  generated  by  \i- 

/-^  * 

Purtherm.ore  Si   H  Jl  -    0.   V.'e  may  therefore  apply  Theorem  1  and 

construct  new  coordinates  x  -    (x  ,...,x^,x  ,...,3c*^  )  vjith  _[/. 
spanned  by 

dx   +  idx    ,   dx"^  +  idx-^    ,   a  -  1,...,L;  j=l,...  ,k. 

By  the  remark  (b)  at  the  end  of  sections  1  and  2.1  we  have 

y^j   +  ix^  "^   =   I-} 

Thus  we  have  S\   spanned  by  dx   +  idx    ,  d'f-*J,  a  =  1,,..,L, 
j  =  l,...,k.   For  every  fixed  t  the  new  cooidinates 
X  =  (x  ,...,x  )  are  now  easily  seen  to  have  the  properties  as- 
serted in  the  theorem. 

An  analogous  statement  should  hold  for  K'  /  0,  but  this, 
simple  argument  dees  not  seem  to  be  dir-ectly  applicable  -  on 
going  from  real  to  complex  values  of  t  the  value   of  K'  may 
change . 


■■t.ijjjfwyi^Uli,  "-■■■wr— Biwsw»y'—wi"*t'''W^-<'  ^■■l.ni.i    m^.^^^M*  WiW*!.'*'])!  iWT-  -  injny^ 


p**" 


11 


3'      An  analofTue  of  Theoren  A.   In  response  to  a  question  of 
K,  Kodaira  and  D.C.  Spencer  and  as  another  illustration  of  the 
technique  used  above  of  eztendin?  the  number  of  variables  we 
prove  an  analogue  of  Theorem  A. 

Ve    consider  a  system  of  first  or-der  partial  differential 
equations  for  \i   complex  valued  functions  (u  ,  .  .  . ,  u^ )  =  u  of  the 
real  variables  (x  ,...,x  )  =  x.   For  convenience  we  write 
n  =  2m+s  and  express  the  last  2m  variable  x'''   ,x^   ,x^  "^j..., 
X  by  m  complex  variables  z  ,...,z^,    setting  z   =  x^   +  ix^  ^   , 
\  =  l,...,m.   In  the  follcwing  the  indices  j,k  will  run  from  1 
to  Ic,  the  indices  p,q  from  1  to  s,  and  the  indices  X,p.  from  1 
to  m;  suram^ation  convention  will  be  used. 

The  system  to  be  studied  is      '  . 

Bz  dz 

(8)'  ^  +  J   ^-  =  bJ 

P  axP    ^  3xP    P 


(3) 


for  j  =  l,...,lt;  X  =  l,...,m;  p  =  l,...,s.   Here  the  coefficients 
a,a,b  are  given  functions  (of  class  C   ,  for  convenience)  of  the 
variables  u,x,  defined  in  som.e  nei'-hborhood  of  the  oripin  in  the 
oroduct  space.   Thus  the  system  is  nonlinear.   '■■  e  shall  assume 
that  a(C,C)  =  0  (thou",h  it  would  suffice  to  assume  the  0^(0,0) 
small)-. 


■^     They  recently  proved  a  special  ^ase  of  Theorem  A'  \i^'ng 
methods  simil:ir  to  thost)  usuri  in  Ljj.  and  islcerl  i,)im  author 
v.'hethcr  it  could  be  deduced  from  the  result  in  [3]  J  this  we  do" 
ho  re . 


b>;lw^A     1 1  "i  ■irA'iifiiWiinMrMJ^itti  'ritf  i«"'ii    n  i  lim  'mnr^Tti  ■  m'lVf  <mj.-  > 
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Theorem  A':   T^'^.  t>)]  I  ot--' tn^  is  neceasary  and  sufficient  for 
the  system  ( 3 )  to  have  soiii.tion3  u ( x ,  u  ) ,  in  a  neighborhood  of 
X  =  0,  vith  riven  initial  values  u(0,u  )  =  u   in  a  neighborhood 
of  the  origin  in  the  u  space,  and  such  that  u(x,u  )  is  of  class 
C   _in  X  and  u  :   The  space  S'l   of  complex  Ffaffian  forms,  in  the 
2\c+n  variables  (Re  u,  Im  u,  x),  vjhich  is  spanned  by  the  forms 


(9) 


u^*  +  CL^du^  -  a^'dz^  -  b-'dx^   , 


X^ 


J  ~  1  ,  .  .  .  ,vc 

X  =  1 ,  .  .  .  ,  m 


satisfies  the  conditions 


(10) 


^ -^  C  ideal  generated  by  XL 


Proof:   The  necessity  of  (10)  is  verified  by  direct  calcu- 
lation:  Differentiate  (3).  ^^Jith  respect  to  "z'^ ,    (8)^  with  res- 
pect  to  z   and  subtract.   Form  similaily  (speaking  loosely) 


—  (6)'.   One  sees  easily 


-^  (8)   -  -^  (8)'  and  ~2-  (8)^ 
3xP    ^    3i^    P      8xP     '-    ax 
that  the  resulting  ix^lations  on  the  coefficients  a,a,b  are  equi- 
valent to  conditions  (10). 

To  prove  the  sufficiency  of  (10)  we  apr)ly  Theorem  1,  noting 
that  £h   n  TL  =  0.   Applying  the  theorem,  for  the  case  K'  =0,  to 
the  forms  il.  in  the  2^+n  variables  (Re  u,  Im  u,  x)  ,  vje  infer 


i   rtR     V  .      Tm     V  .      ^  t 


x'j    j-ntroduce    ciC'U   new    Vdiria.ta.63,    wnxCfi   we   ma^    virxw3    a.s 


c;o   f.naf.    \  I     is    st!>?.nned.   c''  the    lorms 


dv*^    ,      d^  +    idC  ,         i   =    l,...,(c;      A   =   l,...,m 


Here   v  =~ ( v    ,  .  .  .  ,v    )    is    complex   and   ^   =    {E    ,...,f    )    is    real 


■•a0tl\ 


■  -. . ^.  ■- ..  . J -.■.^..-.^^. ■— .   ---. ..-.  ■~. .  .  ., ..l-,.Win*ln.ri  -,  -...,.■-  -|>.l«iWllii»>«MU>W^...w-.. 
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By  Remark  (b)  at  the  eni  of  §2.1  we  may  choose  £  =  x.   It 
follows  that  the  transformation  of  variables  (Re  v,  Im  v)  to 
(Re  u,  Im  u) ,  for  fixed  x,  is  nonsinjular,  and  hence  that  this 
transformation  for  x  =  0  is  one-to-one  and  maps  a  nelg-hborhood 
of  V  =  0  onto  a  neighborhood  of  u  =  0,  i.e.  onto  a  full  neigh- 
borhood of  initial  values  u   for  u. 

o 

Thus  to  complete  the  proof  of  Theorem  A'  we  neod  only  show 
that  u  satisfies  (6)  as  a  function  of  f  =  x  and  v.   To  see  this 
write  the  form  (9)  in  terms  of  the  new  variables  v,  ^  =  x;  this 
form  equals 

iy^^  dz^  +  ii^  dv  ^~   dxP  f  ah^   dz^  ^  ^^  dv     +  ^  dxP) 
^z^  ^Y^-  ,5xP        ^  3z^       Sv^  axP 

-  a-P  dz   -  b"^  dx^ 
X  P 

modulo  the  forms  of  (11).   Since  this  form  belon^^s  to  iTL  the 
coefficients  of  d7  ,  dv^  and  dx^  vanish.   Setting  the  coeffi- 
cients of  d'z   and  dx^  equal  to  zero  we  obtain  equations  (8).Q.E.D. 

In  conclusion  we  mention  that  the  complex  Frobenius  Theo- 
rem can  be  applied  to  give  conditions  for  a  nonanalytic  hyper- 
surface  in  a  domain  of  several  complex  variables  to  contain 
families  of  (complex)  analytic  subsurfaces.   In  studying  such 
questions  Behnke  and  Sommer  [1]  implicitly  assum.ed  a  form  of 
the  theorem. 
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